shear is used to simulate the tension-torsion test fracture data presented in Faleskog and reinforces the experiments by highlighting that for ductile alloys the effective plastic strain at fracture cannot be based solely on stress triaxiality. For nominally isotropic alloys, a ductile fracture criterion is proposed for engineering purposes that depends on stress triaxiality and a second stress invariant that discriminates between axisymmetric stressing and shear dominated stressing.
Introduction
Trends in fracture ranging from zero to relatively high stress triaxiality brought out in Faleskog and Barsoum (2012) (hereafter designated as Part I) for two steels, Weldox 420 and 960, reveal that the effective plastic strain at fracture is not monotonically related to stress triaxiality. This trend was first highlighted earlier in a series of fracture tests by Bao and Wierzbicki (2004) on Al 2024-T351. Moreover, the Bao-Wierzbicki experiments demonstrated that some metal alloys have less ductility under pure shear than under axisymmetric stress states with significantly higher triaxiality. These experimental findings have motivated recent efforts to extend damagebased constitutive models such as the Gurson Model (1977) to more realistically predict fracture under low stress triaxiality conditions including pure shear (Nahshon and Hutchinson, 2008; Xue and Wierzbicki, 2008) . In this paper, designated as Part II, the extended Gurson Model will be employed to simulate the tension-torsion tests of the two steels presented in Part I. Guided by the experimental data and predictions of the extended Gurson Model, a modification of the stress-dependence of the critical effective plastic strain will be proposed for a widely used ductile fracture criterion (Hancock and Mackenzie, 1976; Johnson and Cook, 1985) . 
and the  -measure introduced by Nahshon and Hutchinson, 
Both measures discriminate between axisymmetric and shearing stress states, as will now be discussed.
Axisymmetric stress states are characterized by either
Case I: ( 0, 1)
Case II:
The  -measure is zero for all axisymmetric stress states. The magnitude of the Lode parameter is unity for these states, but it discriminates between a uniaxial stress plus a hydrostatic component (Case I in (4) with 1 L   ) and an equi-biaxial stress state plus a hydrostatic component (Case II in (5) with 1 L  ). In this paper, for lack of better terminology, states comprised of a pure shear stress, 0   , plus a hydrostatic component, 
with p ij  as the plastic strain increment. The first contribution is that incorporated in the original model while the second is the extension. The modification deliberately leaves the constitutive relation unaltered for axisymmetric stress states ( 0   ) because the Gurson Model and its subsequent calibrations were based on axisymmetric void growth solutions. The effect of the modification is felt most strongly for shearing states ( 1   ).
In a state of pure shear stress, (7) gives / 3
, where P  is the plastic shear strain rate and k  is the shear damage coefficient, the sole new parameter in the extended model. The inclusion of the second term in (7) rests on the notion that the volume of voids undergoing shear may not increase, but void deformation and reorientation contribute to softening and constitute an effective increase in damage. In addition, the second term can model damage generated by the shear of tiny secondary voids in void sheets linking larger voids. Thus, in the extension, f is no longer directly tied to the plastic volume change. Instead, it must be regarded either as an effective void volume fraction or simply as a damage parameter, as it is, for example, when the Gurson model is applied to materials with distinctly non-spherical voids. Recent simulations of void interaction in shear by Tvergaard (2008 Tvergaard ( , 2009 ) and Tvergaard and Nielsen (2010) (Barsoum and Faleskog, 2011; Scheyvaerts et al., 2010) have helped to clarify the role of the Lode parameter in characterizing void growth and shear localization.
The extension of Gurson Model does not alter the yield function:
Here, M  is the flow stress of the undamaged material at the current matrix strain. This is an input to the model that has been obtained experimentally for each of the two steels in the study, as will be described. The three parameters, i q , have been calibrated specifically for the steels in this study in the manner described by Faleskog, et al. (1998) and Kim, et al. (2004) with values listed later. Further discussion of the model and suggestions for its calibration are given by Nahshon and Hutchinson (2008) and Xue et al. (2010) . The reader is referred to these references for a complete listing of the equations governing the constitutive model. 1 It can also be noted that the constitutive model used in carrying out the present calculations employed accelerated void grow for 0.15
, as is commonly done to model final failure behavior (Xue et al., 2010) .
However, none of the results presented in this paper are affected by the accelerated void growth because the fracture strain as defined here is attained when f is everywhere smaller than C f , as described later.
To provide a background to the trends seen in the experiments in Part I and in the tests of Bao and Wierzbicki (2004) , a selection of localization predictions based on the Gurson Model and its extension is presented in the next section. The objective of this brief "primer on localization" is to bring out the significant difference between localization under axisymmetric stressing from that under shear stressing-this difference is at the heart of the fracture trends addressed here and in Part I.
Basic results on localization
The localizations of interest here are localization bands (shear and normal separation bands) not necking localizations. Shear and normal separation localization bands have a thickness set by material microstructure, typically on the order of tens of microns. In ductile alloys, they often occur within a necking localization whose thickness is set by overall geometry, e.g. the diameter of a tensile bar or the thickness of a plate. The onset of a shear band or a normal separation band marks the maximum overall strain possible for that stress state because, once the band forms, essentially all of the subsequent deformation in the local vicinity takes place within the band; material outside the band will then usually unload elastically. The critical strain in the material outside the band at localization defines the relevant fracture strain for engineering purposes. A similar definition of fracture is adopted by Barsoum and Faleskog (2011) in their study of the combined roles T and L in localization. Their study makes use of three dimensional void growth simulations to describe behavior within the band and thereby complements the present study in that it is not tied to the Gurson model. are based on the extended model. The trends which follow for Weldox 420 are similar to those for the higher strength steel, Weldox 960, and they can be considered representative of many tough ductile alloys.
As described in Nahshon and Hutchinson (2008) , the localization simulations are based on an infinite planar band of uniform thickness sandwiched between two semiinfinite outer blocks-similar to the plane stress simulations of Marciniak and Kuczynski (1967) . (1) For the infinite blocks of uniformly strained material, the critical plastic strain is associated with a shear band in all these cases. At localization, the band is approximately 45 o to the maximum principal stress direction. The effect of the shear damage coefficient k  is shown for Case I and it is seen that it has essentially no effect on these predictions. Similarly, there is no effect for Case II, although this is not shown. Thus, there is essentially no distinction in the localization predictions between the original Gurson Model and its extension for axisymmetric stressing. The slight difference that does exist is due to the fact that the state within the band at the onset of localization is not precisely axisymmetric stressing due to the fact that the critical band orientation is not normal to the maximum principal stress.
(2) For Case I, results are shown for normal separation localizations which have been computed by restricting the band to be normal to the maximum principal stress. At localization, the strain-rate in the band is uniaxial and oriented parallel to the maximum principal stress. A normal separation localization often occurs at the center of a neck or a notch in a round tensile bar as the beginning of cup-cone failure. It is important to note that the critical strain for normal localization is only slightly larger than that associated with shear localization. In geometries like a notched round tensile bar, the constraint on shear localization due to axial symmetry can favor the emergence of a normal localization in the central region. 
The stress triaxiality and  measure are   The effective plastic strain in the material outside the band at localization,  
is plotted in Fig. 3 for the full range of proportional stressing histories specified by (11). The range of triaxiality of the stress states in the tests in Part I is larger due to the fact that the test specimens are notched, but the non-monotonic character of the fracture strain with increasing triaxiality applies to both situations.
The tension-torsion loadings considered in this section and characterized by (10) pure shear and necking of the specimen at the other limit when tension dominates.
Application of the extended Gurson model to simulate the tension-torsion tests of Weldox 420 and 960 and a set of notched round bar tensile tests
In this section, the procedure used to calibrate the extended Gurson model will be described and executed for the two steels, Weldox 420 and 960, reported on in Part I.
Then, the extended model will be used as the constitutive module within a finite element code to simulate the full range of the tension-torsion tests on these steels allowing direct comparison with the experimental data. Experiments on a smaller set of notched round bar tensile tests will also be simulated.
Calibration of the constitutive model
Several tests are required to calibrate the extended Gurson model (Xue, et al., 2010) . Here, a three-step procedure has been followed: (1) data from an un-notched round bar tensile test is used to generate the tensile stress-strain curve, ( )   , characterizing the undamaged material; (2) data from a notched round bar tensile test is used to identify the initial void volume fraction, 0 f ; and (3) the pure torsion test in the series of Part I is used to calibrate k  . Calculations for steps (1) and (2) were carried out using the Standard version of ABAQUS (2010), while all the simulations of the tensiontorsion tests, including step (3), employed the Explicit version of ABAQUS (2010). The calibration process is now described in more detail.
Considerable care has been taken to characterize the true stress-log strain tensile stress strain curve of the material in the absence of any damage, ( )   , which is the input, M  , in the yield function (8). This requires fitting a representation to the uniaxial data, accounting for necking, and extrapolating beyond the point where damage becomes important. With reference to the tensile data for Weldox 420 in Fig. 5 , the following representation used is (see also Part I):
with values of the coefficients given in Table 1 . The base curve, ( )   , for the material with no damage is plotted in Fig. 5 showing the extrapolation to a logarithmic strain of 0.3. Included in Fig. 5 is the experimentally measured stress-overall strain curve from the smooth round bar test and the corresponding curve simulated using the finite element code employing (13) for the base material. The stress for these curves is defined as the force/current area, assuming the current area is determined as if the deformation were uniform. Similarly, the overall strain is the logarithmic strain evaluated in terms of the elongation of the gage section assuming uniform elongation. The specimen begins to neck at a strain of roughly 0.2. The abrupt downturn in the experimental curve at an overall strain of about 0.28 corresponds to the onset of a normal localization band at the center of the neck, i.e. the onset of the cup-cone failure mode. Prior to this onset, damage in the form of non-zero 0 f has relatively little effect on the simulated curve. This assertion has been verified directly and it will be illustrated below for another example.
The shear damage coefficient, k  , and the effective void volume fraction at which accelerated void growth begins, C f , have essentially no effect on the behavior of the round bar tensile test until shear-off begins in the final stages of cup-cone fracture. based on a separate calibration using an axisymmetric cell model subject to proportional stressing with T in the interval from 0.8 to 1.8 in a range of 0 f appropriate for the Weldox materials (Part I). The calibration process for the q's is discussed in some detail by Faleskog, et al. (1998) and Kim, et al. (2004) . The values for Weldox 960 are 1 0.90 q  and 2 1.16 q  .
In principle, the onset of the cup-cone failure in smooth round bar tensile test could be used to calibrate 0 f , but we found that fitting to the onset of failure in a notched-round bar tensile test is more robust. The data used for the calibration is plotted in With the base stress-strain and the initial void volume fraction in hand, the last step is to choose k  to fit a set of test data for which it plays an important role. For this purpose, the experimental data from pure torsion test in Part I is employed, which is included here in Fig. 7 . In this case, the downturn in the experimental curve is even more abrupt. It is associated with the formation of a shear band extending across the notched region of the specimen. Based on the comparisons seen in Fig. 7 , the choice 1.1 k   has been made. The same feature noted above with respect to the effect of 0 f on behavior prior to localization is evident in Fig. 7 . That is, k  has a very strong influence on the shear localization strain, but its effect on overall behavior prior to localization is hardly discernable. The onset of accelerated void growth at C f has no effect on these results because localization occurs at void volume fractions much below C f .
Finally, a remark is in order on the accuracy of the simulations of steeply dropping load-deflection behavior seen following the onset of localization when the band extends across the loaded cross-section in Figs. 6 and 7. In the simulations, the predicted steepness of the load-deflection curve depends on element size because the band localizes to a width of essentially one element. No attempt has been made to calibrate the element size to accurately represent behavior in the post-localization regime. Thus the results following localization presented in Figs. 6 and 7 are included only to illustrate the dramatic transition following localization. These remarks also apply to the simulations of the tension-torsion experiments in the next section. The important point to note is that the emphasis in this paper is on the onset of localization at the point where the material abruptly loses its load carrying capacity and not on the behavior in the post-localization regime. The onset of localization is accurately predicted.
In summary, for Weldox 420, the base stress-strain behavior of the undamaged material is specified by (13) with parameter values listed in 
(3.2) Simulation of the double-notched tension-torsion tests
The geometry of the double-notched specimen is shown in Fig 1(a-c) and 
ranging from 0 in pure torsion to 1 in pure axial force. Results from the calculations will be presented for the equivalent plastic strain at failure at several points throughout the neck. In addition, the definition given in Section 3.1 of Part I of an "overall equivalent plastic strain" expressed in terms of the normal displacement across the notch, n  , and the rotation across the notch, n  , will also be used because it allows direct comparison with quantities measured in the tests.
The simulations are carried out using the extended Gurson model with constitutive inputs for Weldox 420 and 960 as described above. In the simulations, the actual dimensions of the specimen have been used. To facilitate comparison with the experimental data, some of the results will be presented in dimensional form. It is useful to begin with the simulations of the overall load-displacement behavior for Weldox 420 presented in Fig. 9 . Curves for torque versus rotation across the notch and axial force versus displacement across the notch are plotted for the full range of simulations with T k prescribed to be constant in each case. The curves in Fig. 9 were not computed with precisely the same values of T k for the individual tests of Part I, but Fig. 10 shows direct comparisons of the simulations and the experiments for two of the tests. The simulations are of the quantities directly measured in the experiments. In this paper, the onset of the abrupt down-turn in the load-displacement curves seen in Figs. 9 and 10 is identified as the point of failure, and the equivalent plastic strain associated with this point is labeled the fracture strain. The down-turn point is associated with some combination of a shear or normal localization spreading across the notch, as will be discussed below. Thus, the definition of the fracture strain is tied to formation of the band of localization, consistent with the definition in Section 2. Local strains larger than this fracture strain will occur within the localization band itself, but for the purposes of characterizing the tests, as well as for engineering applications, a definition of fracture strain based on the onset of an abrupt loss of strength is the proper choice. Further discussion related to the identification of the fracture strain will be given later. Further insight into the non-uniform behavior in the notch is displayed in Fig. 13 where the equivalent plastic strain at the edges and middle of the notch are plotted as a function of the overall equivalent plastic strain for Weldox 420 for pure torsional loading.
Strains within the incipient shear band are compared with those just outside the band as predicted using the extended Gurson model. As the onset of fracture is approached the strains within the band begin to increase more rapidly than those just outside the band, as is especially noticeable in the middle of the notch. Also included in Fig. 13 is the prediction at the three locations based on Mises theory with no damage (i.e., the present constitutive model with 0 0 f  ) using precisely the same mesh. The predictions with no damage are accurate until a point just prior to the onset of fracture when the extended Gurson model predicts significant shear band localization. These findings validate the use of the classical Mises theory in Part I to establish the strain distributions associated with the experimentally measured onset of fracture.
As noted above, the simulations of the tension-torsion specimen reveal that shear localization starts either at the edges of the notch or at the center and spreads across the entire notch cross section. For example, the abrupt downturn in the torque-twist behavior seen in Fig. 7 , and the down-turn for all the curves in Fig. 9 , does not occur until the shear band has spread across the entire central plane of the notch. Thus, the definition of "fracture" employed here is not associated with the first formation of a localization band.
Instead, fracture is taken as the point where the localization spreads across the structural element causing a drop in load carrying capability. One must be cognizant of such considerations when invoking the concept of a critical plastic strain to characterize ductile fracture in structural applications. The fact that simulations in Fig. 13 Hancock & Makenzie (1976) and Johnson & Cook (1985) , as well as on the invariant measure  defined in (2) which discriminates between axisymmetric states and shearing states. It has been noted earlier that the difference between fracture in states with different signs of the Lode parameter, such as between axisymmetric states with 1 L   , is relatively small compared to the difference between axisymmetric states and shearing states. This assertion is supported by the present simulations and those of Nahshon and Hutchinson (2008) and Barsoum and Faleskog (2011) . The dependence on the sign of the Lode parameter will be neglected in the criterion given below by assuming a dependence on  , but not on the sign of L . This issue will be discussed further later in this section. 
with (0) . Of the two, the quadratic interpolation is clearly superior, and, given its simplicity, it will be used in the sequel, although other interpolation functions could be considered.
The following implementation of the phenomenological fracture relation (15) illustrates its potential in practical applications. The illustration will apply (15) to the tension-torsion "data" in Fig. 3 using the results on axisymmetric and shear states presented for the same material in Fig. 2 . In this scheme, four experimental data points are used to calibrate the relation. Take and S c by fitting to data for shearing stress states ( 1   ) at two triaxiality levels (here using pure shear, 0 T  , and plane strain tension, 1/ 3 T  from Fig. 2 ). This calibration procedure yields  
1.97 4.25 ( , ) 1 ( ) 1.6 ( ) 9.07
Based on the expressions for T and  in (12), the fracture strain from (16) with Fig. 3 . The phenomenological relation does a reasonably good job of reproducing the extended model predictions in Fig. 3 over the entire range of the simplified tension-torsion test. A plot illustrating the role of the two bounding curves in (15), the upper limit for axisymmetric states and the lower limit for shearing states, is presented in Fig. 16 , with the schematic trend of the torsion-tension tests imposed.
One difficulty in establishing any phenomenological critical plastic fracture criterion, including the present, is that experimental data for axisymmetric states at low triaxiality, i.e., ( ) Case II has a slightly larger effective strain at localization than Case I at all triaxialities.
This trend is also seen in Fig. 17 where the role of the strain hardening exponent on the Lode parameter dependence of the localization strain is brought out. At low strain hardening, asymmetry with respect to L is somewhat more pronounced than at higher strain hardening, implying that the symmetric model (15) Barsoum and Faleskog (2011) , based on threedimensional void simulations, also confirms these trends. Bai and Wierzbicki (2008) assert that a large difference in fracture strain may exist between the axisymmetric Cases I and II (e.g., see their Fig. 14) . Moreover, they suggest that the strain associated with Case II is significantly less than that for Case I, in stark contrast to the trends noted here. They base their argument on fracture strains measured in an upsetting test-a squat cylindrical specimen subject to compression that Their criterion incorporates a dependence on the Lode parameter which produces nonmonotonic trends on triaxiality similar in many respects to those that emerge here.
Finally, it can be noted that Gruben et al. (2011) have conducted fracture tests on a series of dual phase steel specimens at different combinations of triaxiality and Lode parameter.
Their data also reveals an increase in the effective plastic strain under increasing triaxiality at axisymmetric stressing associated with uniaxial tension, with trends qualitatively similar to that of the Weldox steels but with less variation in the critical plastic strain.
Conclusions
The Similarly, the phenomenological critical plastic strain criterion (15) should not be expected to be valid under strongly non-proportional conditions.
The definition of a fracture strain for engineering purposes is not straightforward.
For the test specimens, the definition adopted in Part I and followed here employs a measure of the overall effective plastic strain in the notch at the point where an abrupt downturn in the load carrying capacity begins. The simulations show that this downturn occurs when the shear localization has first spread across the entire width of the notch.
The beginning of the fracture process is the onset of shear localization at a local point within the notch. The fracture strain defined here occurs slightly later in the process but still prior to crack initiation.
Recent experimental work has convincingly shown that the third stress invariant must be taken into account in addition to stress triaxiality in criteria for fracture of nominally isotropic ductile alloys. A modification of the critical effective plastic strain criterion of Hancock and Mackenzie (1976) and Johnson and Cook (1985) has been suggested in Section 4. As the measure of the third stress invariant, this modification employs  which distinguishes between axisymmetric and shearing stress states. The brief review of recent literature in Section 4 highlights the fact that there are a number of open issues related to how the third stress invariant should be brought into any modification, e.g., through the Lode parameter or through the more restrictive parameter  . The shear localization study carried out in Section 2 suggests that the dependence on the sign of the Lode parameter is relatively small compared to the difference between axisymmetric and shearing states, as suggested earlier by the more fundamental study of Barsoum and Faleskog (2011) . These studies show that shear localizations occur in Case give an indication of the sensitivity to these parameters. 
